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Rigorous Generalization of Young’s Law for
Heterogeneous and Rough Substrates
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We consider a SOS type model of interfaces on a substrate which is both
heterogeneous and rough. We first show that, for appropriate values of the
parameters, the differential wall tension that governs wetting on such a sub-
strate satisfies a generalized law which combines both Cassie and Wenzel laws.
Then in the case of an homogeneous substrate, we show that this differential
wall tension satisfies either the Wenzel’s law or the Cassie’s law, according to
the values of the parameters.
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interfaces.

1. INTRODUCTION

The wettability of surfaces plays an important role in many technological
processes. Since Young’s work, two centuries ago, one usually characterizes
the wetting properties of a surface by measuring the associated contact
angle (see Fig. 1) of a reference sessile drop, of a liquid B on the surface W
(also called substrate or wall) in equilibrium inside a medium 4, leading to
the classical Young’s equation

T COS O =T, —Tgy (1.1
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Fig. 1. Young’s contact angle.

where 7,; refers to the interfacial tension between the two media i and j and
0 is the equilibrium contact angle of the droplet on the substrate W. It is
assumed here that 7, is isotropic (an irrelevant hypothesis in the present
study which concerns the right hand side of Eq. (1.1)).

In the general case of an orientation dependent surface tension for the
AB-interface, the equilibrium shape of the sessile drop is determined by
the Winterbottom’s construction.!” As a consequence of this construction
the contact angle 6 satisfies, in dimension d =1, the modified Young’s
equation:

0
cos 0 75(n)—sin 0 — 7,5(N) =T 4 — Ty (1.2)

00

where n = (—sin 6, cos #). This equation as well as the validity of Winter-
bottom’s construction has been proved from microscopic arguments,
within the 1-dimensional Solid-On-Solid models in refs. 2-4. For a truly
microscopic model, the 2-d Ising model (rather than a coarsed-grained one
like the SOS) a first proof of the modified equation (1.2) was given in
ref. 5. For this model the validity of Winterbottom’s construction was
shown in ref. 6. More recent proofs which hold in any dimensions are given
in refs. 7 and 8 (see also references therein).

Equation (1.2) holds for flat and homogeneous surfaces. However, in
practice a real surface is all except flat and homogeneous. It is therefore
important to generalize this equation to take into account the real surfaces.

It is known experimentally that whenever the surface is chemically
heterogeneous, say containing two species 1 and 2, a possible good equa-
tion is the Cassie’s law® given by

Taw — Tew =C'("-'AW1 _TBWl)+(1_c)(TAW2 _TBWZ) (1.3)

where ¢ (resp. 1 —¢) denotes the surface concentration of the specie 1 (resp. 2).
This leads to

cos 0, =ccos B, +(1—c)cos b, (1.4

whenever the equilibrium contact angles 6,, 6,, and 6,, can be obtained.
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For rough substrates, one often uses the Wenzel’s law®
cos 6, =rcos 0, (1.5)

where r refers to the roughness of the surface defined as the ratio of the
area A of the surface and the area A4 of its projection on the horizontal
plane.

In the present paper, we consider a SOS model and we extend these
results obtaining a generalized equation. It reduces to Cassie’s equation
whenever the substrate is flat but heterogeneous and to Wenzel’s equation
whenever the substrate is homogeneous but rough.

Let us stress that we assume within this approach that we are dealing
with equilibrium contact angles. The case of dynamics will be developed
elsewhere.

The paper is organized as follows. The model is introduced in Section 2.
The generalized Young’s relation for rough and heterogeneous substrates is
given in Section 3. In Section 4, we consider a particular geometry of an
homogeneous wall and show that there is a transition between a Wenzel’s
regime and a Cassie’s regime. The proofs of the results are given in the
Appendix.

2. THE MODEL

To describe the A4 | B interface between liquid and air for instance, we
consider a SOS type model on a d-dimensional lattice, d =1, 2, defined as
follows. At each site i of a finite box 4 = Z¢, we assign an integer variable
h; which represents the height of the interface at this site. To a configura-
tion h = {A,},. ,, we associate its graph to be denoted I". Its area (or length)
is |I'| = [A|+ 2, jy< 4 | — h;|, where the sums runs over all pairs of nearest
neighbours of A.

We want here to study this interface on top of a substrate which is
both heterogeneous and rough. The substrate is thus represented by another
SOS interface W, union of two disjoint subsets W, and W,, with disjoint
projections A, = A4 and A, = A\ A,, and respective height configurations
{h}ic4,> and (AP}, . We let h, =h{" when ie A, and h, = h{® when
ied,.

This wall W as well as W, W,, 4,, and 4, are assumed to be periodic
with periodicity a = (ay,..., a;) € (Z*)“, that is A" =4, and A® =h2,.
The respective roughness r, and r, read

k k
Wl Zapen |5 — |

rp == . k=1,2
A | 44|
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Fig. 2. A configuration of the interface I" on the substrate W =W, U W,.

The energy of the system is defined by

H(I W) =J 4 |F\(FﬁW)|+JAWl | Wi+, [T W
+JBW1 |I’V1\(FﬂI’V1)|‘+‘JBW2 W\ W) (2.1

Here I' is above W, which means h;, >k, for all i. and k=1 or 2. The set
I'\(I' nW) is relative to the 4B microscopic interface, I' "W, (resp.
I' nW,) is relative to the contact zone between 4 and W, (resp. W,), and
W\ nW)) (resp. W, \(I' n'W,)) is relative to the contact zone between
B and W (resp. W,).

This system describes a system of droplets of a phase B inside a medium
A on top of the wall W. J 5, Jyw., Juw,> Jpw,» and Jpy, are the energies per
unit area of the corresponding microscopic interfaces (see Fig. 2).

Let us introduce the different free energies associated to the corre-
sponding macroscopic interfaces. To define the free energy associated to
the 4B interface corresponding to a given slope n (a unit vector of R?+1),
we introduce the Gibbs ensemble G(n, A4) which consists of all configura-
tions with the boundary condition

hy=[n-i]l, ieod

where [n-i] denotes the integer part of the scalar product n-i, and the
boundary 94 is the set of sites of A that have a nearest neighbour in Z%\ 4.
We will take A to be the parallelepipedic box A= {ieZ:|i,| < Na,
k=1,..4d}.

The surface tensions 7,; and 7, are defined by the following ther-
modynamic limits

) = fim s g 3 expl-plullll @2
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where S,(A) is the area of the part of the hyperplane orthogonal to n
passing through the origin and included in the infinite cylinder of R?*! with
basis 4 and,

ap = Jim — o log Y expl — BH(T )] 23)

where the sum Y * runs over all configurations such that 4, = A; for all
i € 0A. Finally,

o, Wil 4T, W]
Tow = ]31111 "

:rlclJBle +r202JBW2 (2.4)

where ¢; = |4,|/]|4] and ¢, = (1 —c¢;) = |4,|/|A4] are the respective concen-
trations of W, and W,.

That the limits exist follows from known arguments, see e.g., refs. 2
and 10. In dimension one, the proof of (1.2) as well as the proof of the
Winterbottom’s construction for the model under consideration may be
obtained by an appropriate extension of the theory developed in refs. 3 and
4 in the case of a flat and homogeneous substrate.

3. THE GENERALIZED YOUNG'S RELATION

Consider a drop of a phase B on top of the substrate W in a medium A.
Three cases may appear: first, either the liquid B is always in contact with
W or, second, there may be droplets of 4 between the liquid and W, or,
finally, the medium A has no contact with the wall. Within our SOS model,
these situations mean, first, that the ground state of the Hamiltonian of the
system is given by the microscopic interface I" that coincides with the sub-
strate W, second, that the ground state microscopic interface I" leaves holes
between I" and W, and, third, that the ground state microscopic interface I
has no contact with the wall.

In this section we develop the first case and generalize to heteroge-
neous substrates Theorem 3.1 of ref. 11, on the validity of Wenzel’s law for
a rough but homogeneous substrate. We obtain a combination of both,
Cassie’s and Wenzel’s laws.

To this end, we introduce the energy difference

H(I'|W)=H,I',W)—H,W,W) 3.1
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Since H (W, W) =J g, Wi+, Wo| = (ricidaw, +126,04m,) |4] the dif-
ferential wall tension A7 = 7 — Tgy, reads

. 1
drv=rie; (L, —Iaw,) + 1262 (L, — Tgw,) +A111_I.noo VI log Z, (3.2)

where

Z, =) e FHIIT) (3.3)
r

Our first step is to write Z, as the partition function of a gas of elementary
excitations, simply also called excitations, which can be viewed as micro-
scopic droplets over the substrate. These excitations are defined as follows.
Given I' and W, we consider the symmetric difference

A= OW\I AW) (3.4)

We decompose 4 into its maximal connected components J;, called
excitations, 4=0, Ud, U --- UJ,. Here, two components are said con-
nected if they are connected considered as subsets of R“*!. A set
{0y, 0,5-.., 0,,} of mutually disjoint excitations is called an admissible family
of excitations. Then there exists a microscopic interface (SOS configura-
tion) I', such that 4 =46, U d, U --- U J, satisfies (3.4), namely

IF=UAduwW)\UnW) 3.5
This correspondence between the admissible families of excitations and
interface SOS configurations is one-to-one.
The energy difference H', reads in terms of families of excitations as
H (' \W)=E(@,)+---+E(©,) (3.6)

where

E@)=J;10\(0n W)I_(JAWl _JBWI) |0 N I’Vl|_(JAW2 _JBWZ) |0 N,
3.7

Indeed from the definitions (2.1) and (3.1) we have

H) =J; |F\(FmW)|_(JAWl_JBWl)|W\(qu/1)|
_(JAWZ_JBWZ)lW\(FmVVZ)l
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which together with |\ (I' n W)| = A\ (A ~n W)|, W \T nW,)| =4 n W]
and [W\(I' nW,)| = |4 nW,| gives the expression (3.7) of the energy of
excitations. Then

Z,= Y []etE (3.8)

A={31,.8,} i=1

where the sum runs over admissible families of excitations included in the
infinite cylinder Q, with basis 4, Q, = {(x,,..., x;4;) € R**": |x,| < Na,,
k=1,...,d}, and the product is taken equal to 1 if 4 = (.

In the concept of excitation that we are considering, the configuration
I' =W, in which the microscopic interface is following the wall, is the
ground state of the system. In other words, we assume that H',(I" |W) >0
for all I" and N, or equivalently, that

méin E()>0 (3.9

In fact it is enough that this condition is satisfied for all excitations belong-
ing to the set Q(a) = {(x,..., X441) e R :0< x, < @a, k=1,...,d}.

We next consider arbitrary families of elementary excitations non
necessarily mutually compatible and in which a given excitation can appear
several times. To any such family {J,,...,d,} a graph G(J,,..., d,) is asso-
ciated in such a way that to each excitation corresponds (in a one-to-one
way) a vertex of the graph, and there is an edge joining the vertices corre-
sponding to J; and J; whenever §; and J; are not compatible or coincide.
We introduce the clusters C as the non-empty arbitrary families of excita-
tions for which the associated graph G(d,,..., J,) is connected (this means
that the excitations draw a connected set in R?). Then we get

log Z, =Y &"(C) (3.10)

where the sum runs over all clusters whose excitations belong to the infinite
cylinder with basis 4. The truncated functionals @ are defined by

@T(él’“" d,) =W l‘[ e PE@) (3.11)
: i=1
a(dp,0,)= Y (=)@ (3.12)
G G(dy,-., 3y)

Here the sum runs over all connected subgraphs G of G(6,,..., J,), whose
vertices coincide with the vertices of G(;,..., ,), and £(G) is the number of
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Fig. 3. The wells w,, their projections, wg and the associated excitations d,(z).

edges of the graph G. If the cluster C contains only one excitation then
a(d)=1.

To express condition (3.9) in terms of the coupling constants, we need
a description of the substrate. Let I", be the horizontal line at height z, that
is h, =z for all i. For any integer z such that inf, 4, +1 <z < sup, /;, the
difference W\ I, splits into components that lies either below or above I',.
They are called wells in the first case and we denote them by w,(z), and
protrusions in the second case (see Fig. 3). We let w(z) denote the projec-
tion of w,(z) on I', and J,(z) = wi(z) U w,(z). We define

_ |0k(2) 0 W] _ |6c(2) 0 W,

o, =max —————, o, =max ———— 3.13
S PN 6T R PN E] Gy

Then condition (3.9) reads
C=Jp—u(Jp+Iw —Iw) — (s +Law, —Jow,) >0 (3.14)

Let W denote the infinite periodic wall whose restriction to Q,, is given
by the previous height {#{"},_, , {h?},,,, let W, denote its restriction to
Q(a), and let v; =3, v, = 122

Theorem 1. Assume that the condition (3.14) is satisfied, then, for
any BC >logv,+0.74, the following series, defining the differential wall
tension, is absolutely convergent

1 ®7(C)
AT:rlcl(JAWl_JBWI)+r2c2(JAW2_JBWZ)_m |CnW|
1 d beW, C>sb

(3.15)
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The proof of the theorem is postponed to the appendix. It establishes a
generalized law for rough and heterogeneous substrates:

At =1, (A7)} +1y¢,(A7) 5 + O(e ) (3.16)

where (47)] and (47)} correspond to the case of a flat wall of the species 1
and 2 respectively.

A consequence of this result is that in the case of a rough and
heterogeneous wall both, the Wenzel’s and the Cassie’s laws, apply. These
laws are satisfied up to a small temperature dependent correction (tending
exponentially to zero with the temperature).

Referring to isotropic surfaces, one gets in terms of contact angles

cos O =r,c, cos 0 +r,c, cos 05 + O(e~#€) (3.17)

proving from microscopic argument the validity of Eq. (9.3) in ref. 12.

The conditions for the validity of Theorem 1 are twofold. The restric-
tion to low temperatures is of a technical nature and stems from the condi-
tions needed to ensure the convergence of the used low temperature
expansions. The condition (3.14) on the coupling parameters ensures that
the ground state of the system coincides with the wall. Let us mention the
study on Cassie’s law proposed in ref. 13 whose results do not rely on the
knowledge of ground states. This condition is intimately related to the
physics of the problem, and one may ask what happens whence increasing
Jaw, —Ipw, and J g5, — J gy, . This is the subject of the next section.

4. TRANSITION BETWEEN CASSIE'S AND WENZEL’'S REGIME

We will restrict our analysis to the case of an homogeneous substrate.
Namely, we assume W, = &, Jw, = Ly, Jpw, = Jpw, and Sy, = Jpy, =0.
Moreover we will first consider simple geometries for the wall. We let the
periodicity be a in all directions. In dimension d =2, we choose for any
ie{(i,ih)eZ*:0<i;<a—1,0<i,<a—1},

—-b for 0<i;<c—1, and 0<i,<c—1 @1
o otherwise ’
The other heights are given by the periodicity: A 4,4 =P i) S€€

Fig. 4. In dimension d =1, we choose h, =—b if 0<i<c—1, b, =0 if

¢ <i<a-—1, the periodicity giving the other heights : /;,,, = A;.

+na
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Fig. 4. The substrate surface W in dimensions 1 and 2.

4.1. Ground States

We define the specific energy per unit length as A(I, W)=
L¥) We use I to denote the horizontal interface at height k,

lil’nN — 00 H(T
i.e., such that /#;, = k for all i. Notice that,

AW ) = h(W, W) —rd gy = r(J g — Ipw ), “4.2)

Ah(Iy) =W Io, W) —rdgy = c'Jp+ (1 =Yg — Tpw), 4.3)

AW = h(T , W) —rd gy = J 45, 1<k< +o00. 4.4)
where,

(c/a)? if 5>0
¢ = ) 4.5)
1—(c/a)* if b<0
We let
1+2;£ if >0
p= (4.6)
2d |b| ¢!
1+ 20T e p o
a’—c

From these formula, we get the following diagram of ground states
(see Fig. 5). If J —Jg < p~'J,p the ground state is the wall W. If
p T < Ty —Jgw) < J,p the ground state is I;,. For J, —Jgy > J,; the
I, are the ground states for any finite k > 1.
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AJaw — Jpw
Jaw — Jpw = Jup
T Jaw — Jew = LJup
p
To

w

»
»

Jan

Fig. 5. The diagram of ground states.

4.2. Wenzel’'s Regime

We will now consider the low temperature expansion of At when the
ground state is . The analysis of Section 3 applies directly to that case.
The energy of excitations which are defined as in the previous section are
given by

E,(0)=J4 |5\(§ AW =g —Tpw) |6 " W] 4.7
By letting
C — Jaig =P aw —Ipw)
w 1+p
we have
E,(0)=C, |d] (4.3)

and as a corollary of Theorem 1 we get the

Corollary 2. Assume that J,;—p(J 4 —Jgp) >0, then for SC, >
logv;+0.74, the following series, defining the differential wall surface
tension, is absolutely convergent

1 d7(C)
At =r(J _JBW)_W bZW Czb IC Wl

4.9)
In this case Wenzel’s law applies in a first approximation.
4.3. Cassie’s Regime

We will now consider the low temperature expansion of At when the
ground state is I5,.
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For that we introduce the energy difference
H,(I'| Iy) = H,(I', W)—H,(I,, W) (4.10)
We have

H(I' ) = \IC\Ty| = [ — (L = Tew) J(T 0 W[ =T, n W)

4.11)
and the differential wall tension reads
Av=c'J i+ (1= gy —Igw)+ lim ————log Z 4.12)
Now Bl IAI
where
Z%Y =Y e FHuTID (4.13)

r

‘We now define the excitations as follows. Given I" and I, we consider the
symmetric difference

A=T vI)\T' N I) (4.14)

As in the previous section, we decompose 4 in maximal connected com-
ponents A=0, Ud, U --- UJ,. The energy difference H', reads in terms of
families of excitations as H',(I" | I,) = Ey(d,) + - - - + Ey(J,) where

Ey(0) =JL,(0)+ [Jus — (Jaw — Tpw) 110 " W, | =6 0 W, |) (4.15)
Here ¢,(6) denotes the length of the vertical cells (bonds in dimension 1, or
plaquettes in dimension 2) of 6, W, = W n I, and W, = W \W,. Then,
Zh= Y, [T e #%0@ (4.16)
A={01,...,8,} i=1

and log Z, =3 ®@;(C) where the truncated functionals @] are defined by
(3.11) as before, but with E replaced by E,.
We let

C. = mi Jow—Iow Jas— T —Jow) PUaw —Jw) —Jus
= min s = s
1+c/d 207+ 1) 2p
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if 56> 0 and

C _min{JAB_(‘IAW_JBW) (JAW_JBW)_JAB/p}
) =

4a*=c?» 2c+a’—c?

ifb<0and d=2.

Theorem 3. Assume that (1/p)J;z <J g —Jpgw <J 5. Then, for
BC, >logv,+0.74, the following series, defining the differential wall
tension, is absolutely convergent

, , 1 D (C)
Ar=c'Jz+(1—c )(JAW—JBW)—W sz Czb lC"m 7

4.17)

The proof is given in Appendix A.
Corollary 2 and Theorem 3 give the following transition between the
Wenzel’s and Cassie’s regime:

(1) IfJ g —Jgw <J4s/p, then
At =r(47)*+ 0(e#) (4.18)
which corresponds the Wenzel’s law
() IfJ,5/p <J g —Jgw <J 45, then
At = 't 5+ (1 =c")(47)* + O(eF%) 4.19)
which corresponds the Cassie’s law

Here (47)* refers to the flat wall.

4.4. The Intermediate Regime

Let us mention that when

1

Jow —Isw =—Jup

a degeneracy of ground states appears, their number tending to infinity in
the thermodynamic limit. Indeed, with 4 > 0, any configuration following,
at each pore, either the wall OW or the horizontal plane I, is a ground
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state with specific energy given by (4.2) or (4.3) (both expressions coincide
in this case). This leads to the existence of a specific residual entropy at
zero temperature

1
S=lim lim —
p—>o0 N—oo |A|

1
log Z, =—log2

a
This might suggest that At behaves like 4h—S/f around the point
v — I gw =})J - We are planning to examine in a next work the possi-
bility of such kind of corrections at low temperature.

Remark 4. The discussion of the previous subsections extends to
more general geometries of the wall. One can consider for example a wall
composed of different rectangular wells with sizes given by (b, ¢;). The
phase diagram of ground states will then exhibit different transition
lines given by the corresponding p’s. Whence increasing the parameter
J g —J g, the ground states will move from the wall W to successive
grounds states that fill different wells up to I5.

APPENDIX A

Proof of Theorem 1

The first ingredient is the following lower bound on the energy:
E(3) = C 9] (A.1)

This bound follows from definitions (3.7) (3.13) by taking into account
some easy geometrical observations.

The bound (A.1) ensures the convergence of the series 3 5., e #@ as
soon as fC > log v,, since the number of polygons (or of excitations J) of
size £ passing to a given point is less then v/ .

Moreover using this bound, the proof of formula (3.15) as well as that
of the absolute convergence of the series can be established following
ref. 14 (Chapter 4) in which the low temperature contours of the Ising
model were considered in the role played here by the excitations. Indeed,
the convergence of the cluster expansion holds, cf. refs. 15 and 16, as soon
as one can find a positive real-valued function u(Jd) such that

e PEOu(6) ! exp {Z ,u(&’)} <1 (A.2)

9'10
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where the sum runs over excitations ¢’ incompatible with J: this relation is
denoted by 61 6 and means that 6’ do not intersect J. Taking into account
the above remark on the entropy of excitations, that the lengths of excitations
are even with minimal value |J,,;,| =4, that > 5.5 u(3") <|9| Xy5, 1(0"), and
choosing u(5) = (v,e") P, inequality (A.2) will be satisfied whenever

—4

e
ﬂC>logvd+t+1_—e_2,

The value ¢, ~ .61 that minimizes the function z+[e™ /(1 —e~*)] provides
the value 0.74 given in the theorem. The expression (4.9) then follows from
(3.2) and (3.10) by letting N — oo, taking into account that log Z, equals

27(0)
beW Csb |C N W|

up to a term that will disappear in the thermodynamic limit. [

Proof of Theorem 3

The first step is to prove the following lower bound on the energy:
Ey(3) = C, |9] (A.3)
Let us start with the

1-Dimensional Case

We partition ¢ in two disjoint subsets 6* and 0~ as follows. A vertical
bond belongs to 6™ (respectively ) if it is above I, (respectively below I5).
Next, consider the vertical line x =i+1/2, i € Z. These lines intersect ¢ in
two points, one at height 0 and the other at positive or negative height. In
the first case we let the two intersected bonds belong to 6% and in the
second case we let them belong to 6. Then 6% as well as J~ splits into
maximal connected components: é* =07 UdF U --- U, O =07 LD,
U --- Ud,,, and the energy reads

E®)= Y E0D+ Y E00) (A4)

By Eq. (4.15), the energy of the components 6" and J~ reads

Ey(65) =JE,(6;)+(J —K) |6 0 W]

(A.5)
Ey(6r) =JL,(0;)—(J=K) |6x n W,
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where hereafter J = J 5, K = J ;, — J. We will drop below the subscript &
to d;f but still thinking of it as a component of 6 *.

Using £,(67) to denote the number of horizontal bonds of d7, it is easy
to realize that

K£,(67) if o nl,=g

E,(67) = K€U(57)—(J_K)@ if 6 nI',#7 Ao

by taking into account that J > K and that the number of horizontal bonds
of 6~ n W, does not exceed £,(67) /2.

When 6 nI_,=¢, the two obvious bounds ¢,(67)<2c¢ and
£,(07) =2, leads immediately to the inequality (c¢+1)£,(67)=¢,(67)+
£,(67)=10"| so that

o Koo
Ey(07) = — 107 (A7)

Coming to the case 6~ NI, # ¢, we note that the excitations satisfy
£,(67) = 2b. Then

2 2

- 46
2 £,(07)+"5—

NRACS! .

2

E(6)>K [ev(a—)f"(&) ]—J 40

The maximum is obtained whenever £,(d ) reaches its maximum value, i.e.,
for £,(67) = 2¢. Thus, we get in that case

o~

E(07) = (K=J/p)—- (A.8)

Let us now turn to Ey(6%). When 6 nW, = ¢, with the help of
inequalities £,(6") < 2c¢ and £,(0*) = 2, we argue as above for the proof of
(A.7), to get

J
+>_ + X
E(6")> =16 (A.9)
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Coming to the case 0" NnW,# J, it suffices to realize that
[0* " W,| = 5= £,(0%) to get

2(c+1)

E6) 3 TG 450 (6 > 5 s 16 (A10)

Then, the bound (A.3) follows, in dimension 1 for b > 0, from inequalities
(A.7)—-(A10). The situation b < 0 is obviously identical inverting the role of
¢ and a—c, and thus we will not deal with it. We now turn to the proof in
the

2-Dimensional Case

As in the 1-dimensional case, we partition J in two disjoint subsets 6
and J~. A vertical plaquette belongs to J* (respectively 67) if it is above
I, (respectively below Ij). Next we consider the vertical line x=i+
(1/2,1/2), i € Z* These lines intersect J in two points, one at height 0 and
the other at positive or negative height. We let the two intersected plaquet-
tes belong to §7 in the first case and to J~ in the second case. Then again,
the energy is given by (A.4) and (A.5). We split the rest of the proof of
(A.3) in two part dealing first with

The Case b>0. Using £;(67)=4,(0"nI_,) to denote the number
of horizontal plaquettes of 6~ N I"_,, we notice that E,(J~) satisfies the
lower bounds

595 K£,(67) if o nl,=g
ol )/{Ke,,(é-)—(J—K)[e,,(a-)+e:(5-)] if 6-nI,+J
(A.11)

When o0 nI_,=(F, the isoperimetric inequality vyields ¢,(67) =
4. /£,(67)/2. Since £,(57) < 2¢* we get £,(67) = (2/c¢) £,(67) so that

K
T30l (A.12)

2

Ey(07) =

Coming to the case 6~ NI, # J, note that, by isoperimetric inequality,
the excitations satisfy £,(67) = 4b ./£;(67). Then we have
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Ey(67) = K[£,(67)+£;(07)]1—JL;(0)
055
> [E,,(&)+€Z(5)]<K—Jmax m>
£;,(67) >
4b /05 (67)+£5(67)
> [ﬂv(é‘)+€Z(5‘)]<K—J max ————— m)
4b+./05(67)

The maximum is reached for the maximum value of £;(67), ie., for
£5(07) = c* Thus, we get in that case

=[£,(67)+£;(67)] <K—J max

E07) > (K—1/p) ]

(A.13)
Let us now turn to E,(6*). When 6" n W, = ¢, the isoperimetric

inequality yields £,(67) =4 ./£,(67)/2. As above for the proof of (A.12)
the obvious inequality £,(57) < 2¢?leads to £,(67) = (2/c) £,(67) so that

+ > +
E01)> 1750 (A14)
Coming to the case 6" N W, # ¢, we notice that [0t "W, | > Z 5o +1) £,(0%)
so that
J— J—K
Ey(o) = Je,(0" £,(67) = ot A.15
(2O + 5 S DB (A

Then, the bound (A.3) follows, in dimension 2 for b > 0, from inequalities
(A.12)(A15). We finally turn to

The Case b < 0. As before E,(J7) satisfy the lower bounds

) {Ke,,((s—) if o nl,=0C
Ey(67) = _ e o
K0,(07)—(J—K)[£,(07)+£507)] if 6 N, #J
(A.16)

We first notice that the excitations satisfy

_ 4c _
0,5 )>me,,(5 ) (A.17)



Rigorous Generalization of Young’'s Law 125

so that when 6~ N I_, = (J, one has

2K

Ey07) = reta

rer 20 (A.18)
Coming to the case 6" NI, # J, we notice that the excitations satisfy

furthermore

4 Ibl
(a’—c?)

where £5(67) =£,(6- n I"_,). Then we have

0,007) > — " *(57) (A.19)

Ey(67) 2 JE,(67)—(J —K)(£,(67) +£;(57))
£;(07) >
£,(07)+£45(07)
6,(67)/4,(67) >
14+£5(67)/£,(67)

> 14,6+ K7

> [£,(67)+£;(07)] <K—J max

The maximum is reached for £;(67)/4,(67) = (:Zlilcc and thus

2) >
Ey(67) = (K—=J/p)[£,(67) +£5(07)]
which combined with inequality (A.17) implies

J/p)

Ey(6™ )> peal (A.20)

Let us turn to Ey(6*). When 6*nW, = the excitations satisfy
(A.17) so that by arguing as in the proof of (A.18), we get

2¢J

E(0NYz2——7F5—
o(07) 2c+a*—c?

16+| (A.21)

Coming finally to the case d* N W, # J we first recall that
Ey(0")=J0,(0N)+(J—K) 0" nW,| (A.22)

We will prove a lower bound on the RHS of (A.22) with the help of an
auxiliary excitation 6. We first deal with simple excitations. Namely, we
assume that the horizontal plaquettes of J* lies on the planes at height 0
and 1, that the vertical projection of " n I} on the plane I gives 0+ N I,
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and finally that the vertical part of J* is the set of vertical plaquettes that
intersect both the boundaries d(6* n I,) and 9(6* N I}). Here, the bound-
ary 0(0* n I,) consists of the set of bonds of I that belong both to a
plaquette of 6" N I, and to a plaquette of its complement I, \(5+ N I}).
Analogously, the boundary d(d* n I7) is the set of bonds of I that belong
both to a plaquette of ™ N I'; and to a plaquette of I, \ (6t N I'}). We now
construct the auxiliary excitation § as follows. The horizontal part of §
consists to the set obtained by adding to the horizontal part of 6* all the
horizontal plaquettes pe I, at distance less than a’—c? of any point
xed* nT,, and all the horizontal plaquettes p € I} at distance less than
a’*—c*of any point xe 6" n I, i.e.,

SN ={(0"nT))u(pel,): dist(p, x) <a’—c* xed" NI}
onI={(0*n)u(pel): dist(p,x)<a’—c*, xed*n I}

The vertical part of o is the set of vertical plaquettes that intersect both
0(0 n I}) and 0(0 N I). Then we have

— 1 —
eh(émqu)Z 2 zeh(é)
a —c¢

On the other hand it is clear that
£,((6\6%) " W,) <2¢,(6%)

Since £,(6 "W,)=£,(6* "W,)+£,((\6*) "W,), and obviously £,(5) >
£,(07), the two previous inequalities imply

2,5 (G OW) > 5 4,(57)

It is also clear that this inequality holds true for any 6% since the geometry
considered above is the less favorable one. From this inequality, we deduce
by (A.22):

J—K
4(a®—c?)
Then, the bound (A.3) follows, in dimension 2 when b < 0, from inequali-
ties (A.20) and (A.23).

From this bound, we get the absolute convergence of the cluster
expansion and formula 4.17 as in the proof of Theorem 1. ||

Ey(67) = 0% (A.23)
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